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Î ðåøåíèè çàäà÷è Äèðèõëå â ïîëóïëîñêîñòè äëÿ äèâåðãåíòíûõ
óðàâíåíèé ñ êóñî÷íî-ãëàäêèìè êîýôôèöèåíòàìè

Ðàññìîòðåíà ïåðâàÿ êðàåâàÿ çàäà÷à â ïîëóïëîñêîñòè y < 0, ñîñòîÿùåé èç äâóõ êâàä-
ðàíòîâ D1(x < 0) è D2(x > 0), â êîòîðûõ äèâåðãåíòíîå óðàâíåíèå èìååò êîýôôèöèåíòû
ñîîòâåòñòâåííî âèäà k1(x) = a(b1x−1)−2 è k2(x) = a(b2x+1)−2. Íà ëèíèè x = 0 èìåþò ìåñòî
óñëîâèÿ ñîïðÿæåíèÿ. Äàííàÿ çàäà÷à ìîäåëèðóåò óñòàíîâèâøèåñÿ ïðîöåññû òåïëîìàññîïåðå-
íîñà â íåîäíîðîäíûõ ñðåäàõ ñ íåïðåðûâíîé ôóíêöèåé ïðîíèöàåìîñòè, èìåþùåé ìàêñèìóì
íà ëèíèè x = 0. Ìåòîäîì ñâ¼ðòûâàíèÿ ðàçëîæåíèé Ôóðüå ðåøåíèå çàäà÷è âûðàæåíî ÷åðåç
ðåøåíèå êëàññè÷åñêîé çàäà÷è Äèðèõëå â ïîëóïëîñêîñòè äëÿ óðàâíåíèÿ Ëàïëàñà.

Êëþ÷åâûå ñëîâà: êðàåâûå çàäà÷è, äèâåðãåíòíîå óðàâíåíèå, íåîäíîðîäíûå ïðîíèöàå-
ìûå ñðåäû, îáîáù¼ííûå óñëîâèÿ ñîïðÿæåíèÿ, ìåòîä ñâ¼ðòûâàíèÿ ðàçëîæåíèé Ôóðüå

Ðåàëüíûå ïðîíèöàåìûå ñðåäû, â êîòîðûõ ïðîèñõîäÿò ïðîöåññû òåïëîìàññîïåðå-

íîñà, êàê ïðàâèëî, ÿâëÿþòñÿ íåîäíîðîäíûìè. Â ìàòåìàòè÷åñêèõ ìîäåëÿõ çàäà÷è òåï-

ëîìàññîïåðåíîñà â íåîäíîðîäíûõ ñðåäàõ ïðèâîäÿò ê êðàåâûì çàäà÷àì ìàòåìàòè÷å-

ñêîé ôèçèêè äëÿ äèâåðãåíòíûõ óðàâíåíèé ñ ôóíêöèîíàëüíûì êîýôôèöèåíòîì k(x),

êîòîðûé õàðàêòåðèçóåò ïðîíèöàåìîñòü ñðåäû. Äëÿ íåêîòîðûõ ôóíêöèé k(x) èçâåñò-

íû ÿâíûå ðåøåíèÿ ñîîòâåòñòâóþùèõ óðàâíåíèé [1]�[6]. Îäíàêî óêàçàííûå ôóíêöèè

k(x) ìîãóò îáðàùàòüñÿ â íîëü èëè â áåñêîíå÷íîñòü è ïîýòîìó ìîäåëèðóþò ïðîíè-

öàåìîñòü ðåàëüíûõ ñðåä ëèøü íà ìàëûõ ó÷àñòêàõ, âíå êîòîðûõ ðàñõîæäåíèå ìåæäó

ïðîíèöàåìîñòüþ è ôóíêöèåé k(x) ìîæåò áûòü çíà÷èòåëüíûì. Ðàññìîòðåíèå êóñî÷íî-

íåïðåðûâíûõ ôóíêöèé k(x) ðàñøèðÿåò âîçìîæíîñòè ìîäåëèðîâàíèÿ ïðîíèöàåìîñòè

ðåàëüíûõ ñðåä.

Ðàññìîòðèì â íèæíåé ïîëóïëîñêîñòè D(x ∈ R, y < 0), ñîñòîÿùåé èç äâóõ êâàä-

ðàíòîâ D1(x < 0, y < 0) è D2(x > 0, y < 0), îòíîñèòåëüíî ôóíêöèé ϕi(x, y) â Di

ïåðâóþ êðàåâóþ çàäà÷ó (çàäà÷ó Äèðèõëå) äëÿ äèâåðãåíòíûõ óðàâíåíèé ñ îáðàòíî-

êâàäðàòè÷íûìè êîýôôèöèåíòàìè:

∂x[ki(x)∂xϕi(x, y)] + ki(x)∂yyϕi(x, y) = 0, (x, y) ∈ Di; (1)

ϕ1|y=0 = 0, ϕ2|y=0 = h(x), (2)
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x = 0 : ϕ1 = ϕ2, ∂xϕ1 = ∂xϕ2; (3)

ãäå

k1(x) =
a

(b1x− 1)2
, k2(x) =

a

(b2x+ 1)2
, (4)

a, bi � ïðîèçâîëüíûå ïîëîæèòåëüíûå ïîñòîÿííûå, h(x) � çàäàííàÿ ôóíêöèÿ, (h(x)

îãðàíè÷åíà ïðè 0 < x < ∞), ∂x = ∂/∂x, ∂yy = ∂2/∂y2, ôóíêöèè ϕi(x, y) îãðàíè÷åíû

â Di. Çàäà÷à (1)-(3) îïèñûâàåò óñòàíîâèâøèåñÿ ïðîöåññû òåïëîìàññîïåðåíîñà (òåï-

ëîïðîâîäíîñòè, ôèëüòðàöèè æèäêîñòè, äèôôóçèè è äð.) â êóñî÷íî-íåîäíîðîäíûõ

ñðåäàõ ñ ôóíêöèÿìè ïðîíèöàåìîñòè ki(x) â ñîîòâåòñòâóþùåì êâàäðàíòå Di ïðè çà-

äàííîì ïîòåíöèàëå íà ãðàíèöå ïîëóïëîñêîñòè. Â çàäà÷å (1)�(3) ãðàíè÷íîå óñëîâèå

îäíîðîäíî ïðè x < 0, ÷òî íå óìàëÿåò îáùíîñòè, ò. ê. ïðè îäíîðîäíîì ãðàíè÷íîì

óñëîâèè ïðè x > 0 (è íåîäíîðîäíîì óñëîâèè ïðè x < 0) çàäà÷à ðåøàåòñÿ àíàëîãè÷íî,

à â îáùåì ñëó÷àå ïðè íåîäíîðîäíîì ãðàíè÷íîì óñëîâèè íà âñåé ãðàíèöå y = 0 ðåøå-

íèå çàäà÷è èìååò âèä ñóììû ðåøåíèé óêàçàííûõ çàäà÷ ñ îäíîðîäíûìè ãðàíè÷íûìè

óñëîâèÿìè â îäíîé èç çîí.

Â çàäà÷å (1)�(3) ïðîíèöàåìîñòü (4) â çîíàõ Di ìåíÿåòñÿ âäîëü îñè x è íå ìåíÿåòñÿ

ïî ïåðåìåííîé y. Ïðè ýòîì ôóíêöèÿ ïðîíèöàåìîñòè íåïðåðûâíà âî âñåé ïîëóïëîñ-

êîñòè y < 0, èìååò ìàêñèìóì íà ëèíèè x = 0 è óáûâàåò ïðè óäàëåíèè îò ýòîé ëèíèè

â îáå ñòîðîíû. Îòìåòèì, ÷òî òî÷êè, â îêðåñòíîñòè êîòîðûõ ôóíêöèè ïðîíèöàåìîñòè

(4) íåîãðàíè÷åííû, ëåæàò âíå ñîîòâåòñòâóþùåé çîíû Di.

Óñëîâèÿ ñîïðÿæåíèÿ (3) âûðàæàþò íåïðåðûâíîñòü ïîòåíöèàëà è íîðìàëüíîé ñêî-

ðîñòè íà ëèíèè ðàçðûâà ïðîèçâîäíîé ôóíêöèè ïðîíèöàåìîñòè.

Ñëåäóÿ ðàáîòå ¾Çàäà÷è ìàòåìàòè÷åñêîé ôèçèêè...¿[7, ñ. 155], â çàäà÷å (1)�(3)

ïåðåéä¼ì ê íîâûì íåèçâåñòíûì ôóíêöèÿì ui(x, y) â êâàäðàíòàõ Di ïî ôîðìóëàì

ϕ1(x, y) = (b1x− 1)∂xu1(x, y)− b1u1(x, y); (5)

ϕ2(x, y) = (b2x+ 1)∂xu2(x, y)− b2u2(x, y). (6)

Îòñþäà óðàâíåíèÿ (1) äëÿ ôóíêöèé ui(x, y) ïðèìóò âèä óðàâíåíèÿ Ëàïëàñà:

∆ui(x, y) = 0, (x, y) ∈ Di, (7)

ãäå ∆u = ∂xxu + ∂yyu. Ãðàíè÷íûå óñëîâèÿ (2) ïðèìóò âèä ëèíåéíûõ îáûêíîâåííûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé îòíîñèòåëüíî ôóíêöèé ui(x, 0) âèäà

∂xu1(x, 0)− b1

b1x− 1
u1(x, 0) = 0, x < 0; (8)

∂xu2(x, 0)− b2

b2x+ 1
u2(x, 0) =

h(x)

b2x+ 1
, x > 0. (9)

Ðåøåíèÿ óðàâíåíèé (8), (9) ñîîòâåòñòâåííî ïðè x ∈ (−∞, 0) è x ∈ (0,∞) èìåþò

âèä
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u1|y=0, x<0 = 0, u2|y=0, x>0 = H(x), (10)

ãäå

H(x) = (b2x+ 1)

 x∫
0

h(t)dt

(b2t+ 1)2
+ c

 , (11)

ïîñòîÿííàÿ c ïîäáèðàåòñÿ èç óñëîâèÿ îãðàíè÷åííîñòè ôóíêöèè H(x) ïðè 0 < x <∞,

èíà÷å ðåøåíèå çàäà÷è Äèðèõëå (ñì. (14)) èìååò îñîáóþ òî÷êó â áåñêîíå÷íîñòè.

Óñëîâèÿ ñîïðÿæåíèÿ (3) äëÿ ôóíêöèé ui(x, y) (5), (6) ïðèìóò âèä

x = 0 : −∂xu1 − b1u1 = ∂xu2 − b2u2, −∂xxu1 = ∂xxu2. (12)

Ïîñëåäíåå óñëîâèå ñ ó÷¼òîì óðàâíåíèÿ Ëàïëàñà (7) äëÿ ôóíêöèé ui(x, y) ïðèìåò

âèä òîæäåñòâà −∂yyu1(0, y) ≡ ∂yyu2(0, y). Èíòåãðèðóÿ äâàæäû ïîñëåäíåå òîæäåñòâî ñ

ó÷¼òîì îãðàíè÷åííîñòè ôóíêöèé ui(x, y) â Di, ïîëó÷èì −u1(0, y) = u2(0, y). Îòñþäà

óñëîâèÿ ñîïðÿæåíèÿ (12) ïðèâîäÿòñÿ ê âèäó (ïåðâîå óñëîâèå ñîõðàíÿåòñÿ):

x = 0 : −∂xu1 − b1u1 = ∂xu2 − b2u2, −u1 = u2. (13)

Òàêèì îáðàçîì, äëÿ ôóíêöèé ui(x, y) ïîëó÷èëè çàäà÷ó Äèðèõëå ñ îáîáù¼ííûìè

óñëîâèÿìè ñîïðÿæåíèÿ ïðè x = 0 âèäà (7), (10), (13).

Äëÿ ðåøåíèÿ çàäà÷è (7), (10), (13) ïðèìåíÿåì ìåòîä ñâ¼ðòûâàíèÿ ðàçëîæåíèé

Ôóðüå [8], êîòîðûé ïðèñïîñîáëåí ê ðåøåíèþ êðàåâûõ çàäà÷ ñ îáîáù¼ííûìè óñëîâèÿ-

ìè ñîïðÿæåíèÿ. Ñëåäóÿ óêàçàííîìó ìåòîäó, íàðÿäó ñ çàäà÷åé (7), (10), (13) ðàññìîò-

ðèì êëàññè÷åñêóþ çàäà÷ó Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà îòíîñèòåëüíî ôóíêöèè

F (x, y) â ïîëóïëîñêîñòè y < 0 ñ ñîõðàíåíèåì ãðàíè÷íîé ôóíêöèè (10):

∆F = 0, y < 0; F|y=0 =

{
0, x < 0,

H(x), x > 0.
(14)

Ðåøåíèå ïîñëåäíåé çàäà÷è ñòðîèòñÿ ïî ôîðìóëå Ïóàññîíà è èìååò âèä

F (x, y) = −y
π

∞∫
0

H(t)dt

(x− t)2 + y2
, y < 0. (15)

Îòìåòèì, ÷òî äëÿ øèðîêîãî êëàññà ãðàíè÷íûõ ôóíêöèé H(x) (íàïðèìåð, äëÿ

êóñî÷íî-íåïðåðûâíûõ ôóíêöèé, ñîñòàâëåííûõ èç ìíîãî÷ëåíîâ) ôóíêöèÿ F (x, y) âû-
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÷èñëÿåòñÿ â êîíå÷íîì âèäå â ýëåìåíòàðíûõ ôóíêöèÿõ. Äàëåå ñ÷èòàåì ôóíêöèþ

F (x, y) (14), (15) èçâåñòíîé.

Âûâåäåì ôîðìóëû, âûðàæàþùèå ðåøåíèå çàäà÷è (7), (10), (13) ÷åðåç ôóíêöèþ

F (x, y). Äëÿ ýòîãî äàëüíåéøèå ðàññóæäåíèÿ ïðîâåä¼ì ôîðìàëüíî è ïðîâåðèì îêîí-

÷àòåëüíûé ðåçóëüòàò. Ïðåäïîëîæèì ñíà÷àëà, ÷òî ôóíêöèÿ F (0, y) ïðè −∞ < y < 0

ðàçëàãàåòñÿ â èíòåãðàë Ôóðüå ïî ñèíóñàì:

F (0, y) =

∞∫
0

f1(λ) sinλy dλ,

ãäå

f1(λ) =
2

π

∞∫
0

F (0, y) sinλy dy. (16)

Îòñþäà ôóíêöèÿ F (x, y) (14) â êâàäðàíòå D1 èìååò âèä

F (x, y) =

∞∫
0

f1(λ)eλx sinλy dλ, x ≤ 0, y < 0 (17)

(çäåñü ôóíêöèÿ F (x, y) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Äèðèõëå â êâàäðàíòå D1:

∆u = 0, u|y=0 = 0, u|x=0 = F (0, y), u(x, y) = O(1), ïîëó÷åííûì ìåòîäîì Ôóðüå).

Ïðåäñòàâèì ðåøåíèå çàäà÷è (7), (10), (13) òàêæå â âèäå èíòåãðàëîâ Ôóðüå:

u1(x, y) =

∞∫
0

p1(λ)eλx sinλy dλ, x < 0, y < 0, (18)

u2(x, y) = F (x, y) +

∞∫
0

p2(λ)e−λx sinλy dλ, x > 0, y < 0 (19)

ñ íåèçâåñòíûìè êîýôôèöèåíòàìè pi(λ). Îòñþäà ôóíêöèè ui(x, y) óäîâëåòâîðÿþò

óðàâíåíèþ Ëàïëàñà (7) â ñîîòâåòñòâóþùåì êâàäðàíòå Di è ãðàíè÷íûì óñëîâèÿì (10)

(ïðè óñëîâèè ñõîäèìîñòè è äèôôåðåíöèðóåìîñòè èíòåãðàëîâ (18), (19)). Ïîäñòàâëÿÿ

ôóíêöèè ui(x, y) (18), (19) (ãäå F (x, y) èìååò âèä (17)) â óñëîâèÿ ñîïðÿæåíèÿ (13) è

ïðèðàâíèâàÿ êîýôôèöèåíòû ñëåâà è ñïðàâà ïðè ôóíêöèè sinλy, äëÿ ôóíêöèé pi(λ)

ïîëó÷èì îäíîçíà÷íî ðàçðåøèìóþ ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé âèäà

−(λ+ b1)p1 + (λ+ b2)p2 = (λ− b2)f1, p1 + p2 = −f1.

Îòñþäà íàõîäèì

p1(λ) =

(
γ

λ+ γ
− 1

)
f1(λ), p2(λ) = − γ

λ+ γ
f1(λ), (20)

ãäå ïîñòîÿííàÿ
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γ =
b1 + b2

2
> 0. (21)

Âûðàçèì ïîëó÷åííîå ðåøåíèå ui(x, y) (18)�(20) çàäà÷è (7), (10), (13) íåïîñðåä-

ñòâåííî ÷åðåç ôóíêöèþ F (x, y) (14), (15). Çàìåíÿÿ â âûðàæåíèè (17) ïåðåìåííóþ x

íà x− t, óìíîæàÿ ïîëó÷åííîå ðàâåíñòâî íà e−γt è èíòåãðèðóÿ ïî t ∈ (0,∞), ïîëó÷èì

ôîðìóëó

∞∫
0

e−γtF (x− t, y) dt =

∞∫
0

f1(λ)eλx sinλy

λ+ γ
dλ, x < 0, y < 0,

ãäå ôóíêöèÿ f1(λ) èìååò âèä (16). Îòñþäà ñ ó÷¼òîì (17) ôóíêöèè ui(x, y) (18)�(20)

ïðèâåä¼ì ê âèäó áåç ðàçëîæåíèé Ôóðüå:

u1(x, y) = −F (x, y) + γ

∞∫
0

e−γtF (x− t, y) dt, x < 0; (22)

u2(x, y) = F (x, y)− γ
∞∫

0

e−γtF (−x− t, y) dt, x > 0, (23)

ãäå γ èìååò âèä (21). Ìîæíî íåïîñðåäñòâåííî ïðîâåðèòü, ÷òî ôóíêöèè (22), (23)

ÿâëÿþòñÿ ðåøåíèåì çàäà÷è (7), (10), (13). Ïîäñòàâëÿÿ ôóíêöèè ui(x, y) (22), (23) â

ôîðìóëû (5), (6) è âû÷èñëÿÿ ñîîòâåòñòâóþùèå èíòåãðàëû ïî ÷àñòÿì, ïîëó÷èì ðåøå-

íèå èñõîäíîé çàäà÷è (1)�(3) â âèäå

ϕ1(x, y) = (1− b1x)∂xF (x, y)+

+

(
γb1x+

b1 − b2

2

)F (x, y)− γ
∞∫

0

e−γtF (x− t, y) dt

 , x < 0, (24)

ϕ2(x, y) = (b2x+ 1)[∂xF (x, y) + γF (−x, y)]− b2F (x, y)−

−γ
(
γb2x+

b1 − b2

2

) ∞∫
0

e−γtF (−x− t, y) dt, x > 0. (25)

Òàêèì îáðàçîì, ðåøåíèå èñõîäíîé çàäà÷è (1)�(3) âûðàæàåòñÿ ÷åðåç ðåøåíèå

F (x, y) çàäà÷è Äèðèõëå (14), (15) ïî ôîðìóëàì (24), (25).

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì çàäà÷ó (1)�(3) ñ êóñî÷íî-ïîñòîÿííîé ãðàíè÷íîé

ôóíêöèåé âèäà

h(x) =

{
q, x ∈ (α, β),

0, x /∈ (α, β),
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ãäå α > 0, q � ïîñòîÿííûå. Â äàííîì ñëó÷àå ãðàíè÷íàÿ ôóíêöèÿ (11) èìååò âèä

H(x) =


0, x < 0,

c(b2x+ 1), 0 < x < α,

(x− β)q/(b2β + 1), α < x < β,

0, x > β,

ãäå

c = − q(β − α)

(b2β + 1)(b2α + 1)
. (26)

Ïðè ýòîì ôóíêöèÿ H(x) îãðàíè÷åíà ïðè x ∈ R äëÿ ïîñòîÿííîé c (11) âèäà (26).

Ðåøåíèå (15) ñîîòâåòñòâóþùåé çàäà÷è Äèðèõëå (14) ñòðîèòñÿ â êîíå÷íîì âèäå

F (x, y) =
q

π

(
U(x− α, y)

b2α + 1
− U(x− β, y)

b2β + 1
− (β − α)[b2U(x, y)− arctg x/y]

(b2α + 1)(b2β + 1)

)
, (27)

ãäå ãàðìîíè÷åñêàÿ ôóíêöèÿ U(x, y) ðàâíà

U(x, y) =
y

2
ln(x2 + y2)− x arctg

x

y
.

Îòìåòèì, ÷òî ôóíêöèÿ F (x, y) (27) îãðàíè÷åíà â áåñêîíå÷íîñòè, ò. ê. ñóììàðíàÿ

ñòåïåíü r2 = x2 + y2 ïîä çíàêàìè ëîãàðèôìîâ â (27) ïðè r → ∞ ðàâíà íóëþ. Â

äàííîì ñëó÷àå ðåøåíèå èñõîäíîé çàäà÷è (1)-(3) ñòðîèòñÿ â îäíîêðàòíûõ êâàäðàòóðàõ

ïî ôîðìóëàì (24)�(27).
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On the Solution of the Dirichlet Problem in the Half-Plane for Divergent
Equations with Piecewise Smooth Coe�cients

The �rst boundary-value problem in a half-plane y < 0 consisting of two quadrantsD1(x < 0)

and D2(x > 0), in which the divergence equation has coe�cients of the form respectively,
k1(x) = a(b1x − 1)−2 and k2(x) = a(b2x + 1)−2, is considered. On the line x = 0 there
are conjugation conditions. This problem simulates the established processes of heat and mass
transfer in inhomogeneous media with a continuous permeability function that has a maximum
on the line x = 0. By the method of convolution of Fourier expansions, the solution of the
problem is expressed through the solution of the classical Dirichlet problem in the half-plane for
the Laplace equation.

Keywords: boundary value problems, divergence equation, inhomogeneous permeable
media, generalized conjugation conditions, method of convolution of Fourier expansions
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