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Î çàêîíå äâèæåíèÿ êîíöà ïîëóîãðàíè÷åííîé ñòðóíû, ãàñÿùåì
îòðàæ¼ííûå âîëíû

Ðàññìîòðåíà çàäà÷à î êîëåáàíèè ïîëóîãðàíè÷åííîé ñòðóíû 0 < x < ∞ ïðè çàäàí-

íîì íà÷àëüíîì âîçìóùåíèè ϕ(x), êîãäà ëåâûé êîíåö ñòðóíû x = 0 äâèãàåòñÿ ïî çàäàííîìó

çàêîíó f(t) (t � âðåìÿ). Ðåøåíèå çàäà÷è ïîëó÷åíî â êîíå÷íîì âèäå äëÿ ïðîèçâîëüíûõ ôóíê-

öèé ϕ(x) è f(t). Ïîñòðîåíû ïðÿìûå, îáðàòíûå è îòðàæ¼ííûå îò êîíöà ñòðóíû êîìïîíåíòû

âîëí, ñîñòàâëÿþùèå ðåçóëüòèðóþùèå âîëíû. Èññëåäóåòñÿ âëèÿíèå ôóíêöèè f(t) íà âåëè-

÷èíó îòðàæ¼ííûõ âîëí. Äëÿ ïðîèçâîëüíîãî íà÷àëüíîãî âîçìóùåíèÿ ñòðóíû íàéäåí çàêîí

äâèæåíèÿ å¼ êîíöà, ïðè êîòîðîì îòðàæ¼ííûå âîëíû èñ÷åçàþò. Àêòóàëüíîñòü ñòàòüè îïðå-

äåëÿåòñÿ øèðîêèì êðóãîì ïðàêòè÷åñêèõ çàäà÷, ñâÿçàííûõ ñ êîëåáàíèÿìè ïðîòÿæ¼ííûõ

îáúåêòîâ (ìîñòîâ, áàëîê, àíòåíí), êîãäà èñòî÷íèêîì äâèæåíèÿ ÿâëÿåòñÿ íà÷àëüíîå âîçìó-

ùåíèå è çàäàííàÿ âíåøíÿÿ ñèëà, ïðèëîæåííàÿ ê êîíöó îáúåêòà.

Êëþ÷åâûå ñëîâà: êðàåâûå çàäà÷è äëÿ âîëíîâûõ óðàâíåíèé, äâèæåíèå ïîëóîãðàíè÷åí-

íîé ñòðóíû, êðàåâîé ðåæèì íà êîíöå ñòðóíû

Â ðåàëüíûõ óñëîâèÿõ âî âñåõ îáúåêòàõ ïîä âîçäåéñòâèåì ìíîæåñòâà ôàêòîðîâ

ïðîèñõîäÿò êîëåáàòåëüíûå èëè âîëíîâûå ïðîöåññû ñ òîé èëè èíîé èíòåíñèâíîñòüþ.

Âîëíû â òåëàõ ïðè ïðîõîæäåíèè ãðàíèö òåëà ÷àñòè÷íî ðàñïðîñòðàíÿþòñÿ çà ïðåäåëû

òåëà è ÷àñòè÷íî îòðàæàþòñÿ îò ãðàíèö. Â ñëó÷àå íåïðîíèöàåìîé äëÿ âîëí ãðàíèöû

âîëíû â áîëüøåé ñòåïåíè îòðàæàþòñÿ îò ãðàíèöû (ýôôåêò ýõà). Â ñëó÷àå ¾ñâîáîä-

íîé¿ (ïðîíèöàåìîé) ãðàíèöû òàêæå èìåþò ìåñòî îòðàæ¼ííûå âîëíû [1, ñ. 64; 2, ñ. 61].

Èññëåäîâàíèå êîëåáàíèé ïðîòÿæ¼ííûõ îáúåêòîâ èìååò èíòåðåñ ïðè ïðîåêòèðîâàíèè

ìîñòîâ, áàëîê, îïîð è ò. ä. [3�10].

Ðàññìîòðèì êðàåâóþ çàäà÷ó äëÿ îäíîìåðíîãî âîëíîâîãî óðàâíåíèÿ, îïèñûâàþùå-

ãî ïîïåðå÷íûå êîëåáàíèÿ ïîëóîãðàíè÷åííîé ñòðóíû (à òàêæå ïðîäîëüíûå êîëåáàíèÿ

ñòåðæíÿ è ïëîñêèå ïðîñòðàíñòâåííûå âîëíû):

utt − a2uxx = 0, 0 < x <∞, (1)

u|t=0 = ϕ(x), ut|t=0 = 0, x ≥ 0, (2)
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u|x=0 = f(t), (3)

ãäå t � âðåìÿ (0 ≤ t < ∞), áóêâåííûå èíäåêñû îçíà÷àþò ÷àñòíûå ïðîèçâîäíûå ïî

ñîîòâåòñòâóþùèì àðãóìåíòàì, ϕ(x) è f(t) � çàäàííûå ôóíêöèè, ϕ(0) = f(0) = 0.

Ïóñòü íîñèòåëåì ôóíêöèè ϕ(x) ÿâëÿåòñÿ îòðåçîê (b, c), ãäå b > 0, ò.å. ôóíêöèÿ ϕ(x)

îòëè÷íà îò íóëÿ òîëüêî íà îòðåçêå (b, c). Â äàííîì ñëó÷àå íà ëåâûé êîíåö ïîëóîãðà-

íè÷åííîé ñòðóíû x = 0 íàáåãàþò âîëíû, èíäóöèðîâàííûå íà÷àëüíûì âîçìóùåíèåì

ñòðóíû ϕ(x), è ýòîò êîíåö äâèãàåòñÿ ïî çàäàííîìó çàêîíó f(t).

Ïîñòàâèì çàäà÷ó: îïðåäåëèòü çàêîí f(t) äâèæåíèÿ êîíöà ñòðóíû òàê, ÷òîáû îòðà-

æåííûå îò íåãî âîëíû, èíäóöèðîâàííûå íà÷àëüíûì âîçìóùåíèåì ñòðóíû, èñ÷åçëè.

Ñíà÷àëà ðåøèì çàäà÷ó (1)�(3) äëÿ îáùåãî ñëó÷àÿ. Ôóíêöèþ u(x, t) áóäåì èñêàòü

â âèäå ñóììû

u(x, t) = v(x, t) + w(x, t), (4)

ãäå ôóíêöèè v(x, t) è w(x, t) ÿâëÿþòñÿ ðåøåíèÿìè àíàëîãè÷íûõ çàäà÷ ñ íåîäíîðäíî-

ñòÿìè òîëüêî â îäíîì èç óñëîâèè ñîîòâåòñòâåííî âèäà

vtt − a2vxx = 0, 0 < x <∞, (5)

v|t=0 = ϕ(x), vt|t=0 = 0, x ≥ 0, (6)

v|x=0 = 0 (7)

è

wtt − a2wxx = 0, 0 < x <∞, (8)

w|t=0 = 0, wt|t=0 = 0, x ≥ 0, (9)

w|x=0 = f(t). (10)

Ðàññìîòðèì çàäà÷ó (5)�(7), êîòîðàÿ îïèñûâàåò äâèæåíèå ïîëóîãðàíè÷åííîé ñòðóíû

0 < t < ∞ ñ íåïîäâèæíûì êîíöîì x = 0 ïðè çàäàííîì íà÷àëüíîì âîçìóùåíèè

ñòðóíû ϕ(x).

Äëÿ ðåøåíèÿ çàäà÷è (5)�(7) ïðîäîëæèì íà÷àëüíóþ ôóíêöèþ ϕ(x) íà âñþ îñü x

ïî íå÷¼òíîìó çàêîíó. Â ðåçóëüòàòå ïîëó÷èì íå÷¼òíóþ ôóíêöèþ

ϕ1(x) =

{
ϕ(x), x ≥ 0,

−ϕ(−x), x < 0.
(11)

Îòñþäà, ðàññìàòðèâàÿ çàäà÷ó Êîøè íà âñåé ïðÿìîé −∞ < x < ∞ ñ íà÷àëüíîé

ôóíêöèåé ϕ1(x) (11):
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vtt − a2vxx = 0, −∞ < x <∞,

v|t=0 = ϕ1(x), vt|t=0 = 0,

å¼ ðåøåíèå íàéä¼ì ïî ôîðìóëå Äàëàìáåðà [1, ñ. 50]

v(x, t) =
ϕ1(x+ at) + ϕ1(x− at)

2
, (12)

ãäå a > 0. Ôóíêöèÿ v(x, t) (12) ïðè 0 < x <∞ ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (5)�(7), ÷òî

ïðîâåðÿåòñÿ íåïîñðåäñòâåííî (ãðàíè÷íîå óñëîâèå (7) äëÿ ôóíêöèè (12) âûïîëíÿåòñÿ

â ñèëó íå÷¼òíîñòè ôóíêöèè ϕ1(x) (11)). Ñ ó÷åòîì (11) ôóíêöèÿ (12) ïðè −∞ < x <∞
ïðèìåò âèä

v(x, t) =


ϕ(x+at)+ϕ(x−at)

2
, x > at,

ϕ(x+at)−ϕ(at−x)
2

, −at < x < at,

−ϕ(at−x)+ϕ(−x−at)
2

, x < −at.
(13)

Â ïîëó÷åííîì ðåøåíèè (13) ïðÿìàÿ âîëíà ϕ(x−at)/2 ïðè t→∞ äâèãàåòñÿ â ïîëîæè-

òåëüíîé ÷àñòè îñè x âïðàâî è íå ïåðåñåêàåò êîíåö èñõîäíîé ñòðóíû x = 0. Îáðàòíàÿ

âîëíà −ϕ(−x − at)/2 ïðè t → ∞ äâèãàåòñÿ â îòðèöàòåëüíîé ÷àñòè îñè x âëåâî è

òàêæå íå ïåðåñåêàåò êîíåö ñòðóíû x = 0.

Ïðÿìàÿ âîëíà −ϕ(at − x)/2 äâèãàåòñÿ âïðàâî â îòðèöàòåëüíîé ÷àñòè îñè x. Îá-

ðàòíàÿ âîëíà ϕ(x + at)/2 äâèãàåòñÿ âëåâî â ïîëîæèòåëüíîé ÷àñòè îñè x. Ýòè âîëíû

äâèãàþòñÿ íàâñòðå÷ó äðóã äðóãó è â ìîìåíò âðåìåíè t = b/a îíè âñòðåòÿòñÿ â òî÷êå

x = 0. Ïðè t > c/a îáðàòíàÿ âîëíà ϕ(x + at)/2 ïåðåéä¼ò íà îòðèöàòåëüíóþ ÷àñòü

îñè x, ò. å. çà ïðåäåëû èñõîäíîé ñòðóíû. Ïðÿìàÿ æå âîëíà −ϕ(at− x)/2 ïðè t > c/a

çàéäåò íà ïîëîæèòåëüíóþ ÷àñòü îñè x è áóäåò ÿâëÿòüñÿ âîëíîé, îòðàæ¼ííîé îò íåïî-

äâèæíîãî êîíöà ñòðóíû x = 0. Òî åñòü îáðàòíàÿ âîëíà ϕ(x + at)/2, äâèãàÿñü âëåâî,

äîõîäèò äî çàêðåïë¼ííîãî êîíöà ñòðóíû x = 0, îòðàæàåòñÿ îò íåãî, ìåíÿåò çíàê è

äâèãàåòñÿ âïðàâî ñ ñîõðàíåíèåì àìïëèòóäû.

Èç âûðàæåíèÿ (13) ñëåäóåò, ÷òî íà ïîëîæèòåëüíîé ÷àñòè îñè x (0 < x < ∞),

ãäå ðàñïîëîæåíà èñõîäíàÿ ñòðóíà, ðåøåíèå çàäà÷è (5)-(7) äëÿ ìîìåíòîâ âðåìåíè

0 < t < b/a, b/a < t < c/a, t > c/a èìååò ñîîòâåòñòâåííî âèä

v(x, t) =
ϕ(x+ at)

2
, b− at < x < c− at, (14)

v(x, t) =

{
ϕ(x+at)−ϕ(at−x)

2
, 0 < x < at− b,

ϕ(x+at)
2

, at− b < x < c− at,
(15)

v(x, t) = −ϕ(at− x)

2
, at− c < x < at− b, (16)

ãäå äëÿ ïåðåìåííîé x óêàçàíû ïðîìåæóòêè, íà êîòîðûõ ñîîòâåòñòâóþùèå ôóíê-
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öèè v(x, t) îòëè÷íû îò íóëÿ, ò. å. óêàçàíû íîñèòåëè ýòèõ ôóíêöèé, è ïðÿìàÿ âîëíà

ϕ(x− at)/2, óäàëÿþùàÿñÿ îò òî÷êè x = 0 âïðàâî, â âûðàæåíèÿõ äëÿ v(x, t) îïóùåíà.

Ðàññìîòðèì çàäà÷ó (8)�(10), êîòîðàÿ îïèñûâàåò äâèæåíèå ïîëóîãðàíè÷åííîé

ñòðóíû 0 < x < ∞ ñ íóëåâûìè íà÷àëüíûìè óñëîâèÿìè, êîãäà êîíåö ñòðóíû x = 0

äâèãàåòñÿ ïî çàäàííîìó çàêîíó f(t).

Ðåøåíèå ýòîé çàäà÷è èùåì â âèäå ïðÿìîé âîëíû, äâèãàþùåéñÿ âïðàâî, ò. ê. èñòî÷-

íèê äâèæåíèÿ ðàñïîëîæåí ñëåâà â òî÷êå x = 0, à äëÿ îáðàòíîé âîëíû íåò èñòî÷íèêà

äâèæåíèÿ ñïðàâà:

w(x, t) = P (x− at), (17)

ïðè ýòîì óðàâíåíèå (8) äëÿ ôóíêöèè (17) âûïîëíÿåòñÿ òîæäåñòâåííî ïðè ëþáîé äâà-

æäû êóñî÷íî-äèôôåðåíöèðóåìîé ôóíêöèè P (z). Èç íà÷àëüíûõ óñëîâèé (9) íàõîäèì

P (x) ≡ 0, x > 0. (18)

Ãðàíè÷íîå óñëîâèå (10) äëÿ ôóíêöèè (17) ïðèìåò âèä P (−at) = f(t) èëè

P (z) = f
(
−z
a

)
, z < 0. (19)

Îòñþäà ðåøåíèå (17) çàäà÷è (8)�(10) ñ ó÷¼òîì (18), (19) íàéä¼ì â âèäå

w(x, t) =

{
0, x > at,

f
(
t− x

a

)
, x < at.

(20)

Ôóíêöèÿ w(x, t) (20) èìååò âèä ïðÿìîé âîëíû, áåãóùåé âïðàâî, ïðè ýòîì äëÿ

x ≥ at ñòðóíà íàõîäèòñÿ â ïîêîå, ò. ê. äî ýòèõ òî÷åê ñòðóíû âîëíà, èíäóöèðîâàííàÿ

äâèæåíèåì ëåâîãî êîíöà, åùå íå äîøëà â ìîìåíò âðåìåíè t.

Â èòîãå ðåøåíèå èñõîäíîé çàäà÷è (1)�(3) èìååò âèä ñóììû (4), ãäå ôóíêöèè v(x, t)

è w(x, t) ñòðîÿòñÿ ñîîòâåòñòâåííî ïî ôîðìóëàì (14)�(16) è (20).

Èç ðàâåíñòâ (14)�(16), (20) ñëåäóåò, ÷òî åñëè ëåâûé êîíåö x = 0 ïîëóîãðàíè÷åííîé

ñòðóíû äâèæåòñÿ â ïðîìåæóòêå âðåìåíè b/a < t < c/a ïî çàêîíó

f(t) =
ϕ(at)

2
,

à â îñòàëüíûå ïðîìåæóòêè âðåìåíè t /∈ (b/a, c/a) íå äâèãàåòñÿ, òî îòðàæåííàÿ îò

òî÷êè x = 0 âîëíà èñ÷åçàåò (ñëàãàåìûå ϕ(at − x)/2 â ðåøåíèè (4) âçàèìíî óíè÷òî-

æàþòñÿ).

Ïîëó÷åííûå ðåçóëüòàòû ñïðàâåäëèâû äëÿ ëþáûõ ïàðàìåòðîâ b > 0, b < c ≤ ∞,

ò. å. íà÷àëüíîå âîçìóùåíèå ìîæåò áûòü çàäàíî âî âñåõ òî÷êàõ ñòðóíû 0 < x <∞.
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On the Law of Motion of the End of a Semi-Bounded String,
Which Extinguishes Re�ected Waves

The problem of oscillation of a semi-bounded string at a given initial perturbation ϕ(x),

when the left end of the string moves according to a given law f(t), is considered (t � time).

The solution of the problem is obtained in the �nal form for arbitrary functions ϕ(x) and f(t).
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The direct, inverse and re�ected from the end of the string wave components that make up

the resulting waves are constructed. The in�uence of the function f(t) on the magnitude of

the re�ected waves is investigated. For an arbitrary initial perturbation of a string, the law of

motion of its end is found, at which the re�ected waves disappear. The relevance of the article is

determined by a wide range of practical problems related to the vibrations of extended objects

(bridges, beams, antennas), when the source of motion is an initial perturbation and a given

external force applied to the end of the object.

Keywords: boundary value problems for wave equations, motion of a semi-bounded string,

the law of motion of the end of the string
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