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Î ôèëüòðàöèè æèäêîñòè ïîä òî÷å÷íîé ïëîòèíîé ñ âåðòèêàëüíîé
ñëàáîïðîíèöàåìîé ïë¼íêîé

Ðàññìîòðåíà çàäà÷à î ôèëüòðàöèè ãðóíòîâûõ âîä ïîä òî÷å÷íîé ïëîòèíîé â êóñî÷íî-

îäíîðîäíîé ïîðèñòîé ñðåäå ïðè íàëè÷èè ñëàáîïðîíèöàåìîé ïë¼íêè ïîä ïëîòèíîé. Ðàññìàò-

ðèâàåòñÿ îáëàñòü ôèëüòðàöèè â âèäå âåðòèêàëüíîé ïîëóïëîñêîñòè ñ ãîðèçîíòàëüíîé ëèíè-

åé áüåôîâ. Ñëàáîïðîíèöàåìàÿ ïë¼íêà ðàçäåëÿåò îáëàñòü ôèëüòðàöèè íà äâà êâàäðàíòà ñ

ðàçëè÷íîé ïîñòîÿííîé ïðîíèöàåìîñòüþ. Ìåòîäîì ñâ¼ðòûâàíèÿ ðàçëîæåíèé Ôóðüå ðåøåíèå

çàäà÷è ïîëó÷åíî â ÿâíîì âèäå. Èññëåäîâàíî âëèÿíèå ñëàáîïðîíèöàåìîé ïë¼íêè íà ôèëü-

òðàöèîííûé ïðîöåññ. Ïîêàçàíî, ÷òî íàëè÷èå ñëàáîïðîíèöàåìîé ïë¼íêè ñíèæàåò ñêîðîñòü

ôèëüòðàöèè â íèæíåì áüåôå.

Êëþ÷åâûå ñëîâà: êðàåâûå çàäà÷è â êóñî÷íî-îäíîðîäíîé ïîëóïëîñêîñòè ñî ñëàáîïðî-

íèöàåìîé ïë¼íêîé, ôèëüòðàöèÿ æèäêîñòè ïîä ïëîòèíîé

Ðàññìîòðèì â âåðòèêàëüíîé íèæíåé ïîëóïëîñêîñòè y < 0 ñ äåêàðòîâûìè êî-

îðäèíàòàìè (x, y) ôèëüòðàöèþ æèäêîñòè ïîä òî÷å÷íîé ïëîòèíîé, ðàñïîëîæåííîé â

òî÷êå (0, 0), êîãäà âåðòèêàëüíàÿ ïîëóîñü (x = 0, y < 0) ÿâëÿåòñÿ ñëàáîïðîíèöàå-

ìîé ïë¼íêîé, ðàçäåëÿþùåé îáëàñòü ôèëüòðàöèè −∞ < y < 0 íà äâà êâàäðàíòà

D1(x < 0, y < 0) è D2(x > 0, y < 0) ñ ðàçëè÷íîé ïðîíèöàåìîñòüþ ki â Di. Äëÿ

ïîòåíöèàëîâ ui(x, y) â Di çàäà÷à èìååò âèä [1, ñ. 89; 2�4]:

∆ui = 0, u1|y=0, x<0 = 0, u2|y=0, x>0 = −p, (1)

x = 0 : u2 − u1 = Bk1∂xu1, k2∂xu2 = k1∂xu1, (2)

ãäå ∆u = ∂2u/∂x2 +∂2u/∂y2, ∂xu = ∂u/∂x, p > 0, B > 0 � ïîñòîÿííûå, äàâëåíèå ñòîë-

áà æèäêîñòè íà ëèíèè áüåôîâ îòñ÷èòûâàåòñÿ îò äàâëåíèÿ â íèæíåì áüåôå. Óñëîâèÿ

ñîïðÿæåíèÿ (2) íà ïë¼íêå âûâåäåíû â ñòàòüå [5], ïðè ýòîì ñëàáîïðîíèöàåìàÿ ïë¼íêà

ìîäåëèðóåòñÿ áåñêîíå÷íî òîíêèì ñëîåì ñ áåñêîíå÷íî ìàëîé ïðîíèöàåìîñòüþ.

Çàäà÷à (1), (2) èìååò áîëüøîé ïðàêòè÷åñêèé èíòåðåñ, ò.ê. â ñèëó ðàçíîñòè óðîâ-

íåé âîäû ñëåâà è ñïðàâà îò ïëîòèíû ïðîèñõîäèò ôèëüòðàöèÿ ãðóíòîâûõ âîä ïîä

ïëîòèíîé. Óêàçàííàÿ ôèëüòðàöèÿ ÿâëÿåòñÿ íåæåëàòåëüíîé, ïîñêîëüêó âûòåêàþùàÿ

â íèæíèé áüåô æèäêîñòü ìîæåò ïðèâåñòè ê âûìûâàíèþ ãðóíòà â îñíîâàíèè ïëîòèíû.
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Ïîýòîìó äëÿ ñíèæåíèÿ ñêîðîñòè ôèëüòðàöèè ïîä ïëîòèíîé óñòðàèâàþò ðàçëè÷íûå

ïðîòèâîôèëüòðàöèîííûå ñîîðóæåíèÿ, â ÷àñòíîñòè, â âèäå ñëàáîïðîíèöàåìûõ ýêðà-

íîâ (çàâåñ).

Íàðÿäó ñ çàäà÷åé (1), (2) ðàññìîòðèì äëÿ ôóíêöèè f(x, y) àíàëîãè÷íóþ êëàññè-

÷åñêóþ çàäà÷ó â ïîëóïëîñêîñòè y < 0 áåç ïë¼íêè âèäà

∆f = 0, y < 0; f|y=0 =

{
0, x < 0,

−p, x > 0.
(3)

Äàííàÿ çàäà÷à (3) îïèñûâàåò ôèëüòðàöèþ ïîä òî÷å÷íîé ïëîòèíîé â îäíîðîäíîé îá-

ëàñòè ôèëüòðàöèè y < 0 (áåç ïë¼íêè) ñ ïîòåíöèàëîì f(x, y). Ðåøåíèå çàäà÷è (3)

ñòðîèòñÿ â êîíå÷íîì âèäå, êàê

f(x, y) =
p

π
arctg

x

y
− p

2
. (4)

Ìåòîäîì ñâ¼ðòûâàíèÿ ðàçëîæåíèé Ôóðüå [5] âûðàçèì ðåøåíèå çàäà÷è (1), (2)

÷åðåç ðåøåíèå f(x, y) (4) çàäà÷è (3). Â ñîîòâåòñòâèè ñ ìåòîäîì Ôóðüå [6] ïðåäñòà-

âèì ðåøåíèå çàäà÷è (3) ïðè x < 0 (ãäå ôóíêöèÿ f(x, y) óäîâëåòâîðÿåò îäíîðîäíîìó

ãðàíè÷íîìó óñëîâèþ (3)) â âèäå èíòåãðàëà Ôóðüå:

f(x, y) =

∞∫
0

eλxg(y, λ) dλ, x < 0, (5)

ãäå

g(y, λ) = f1(λ) sinλy, f1(λ) =
2

π

0∫
−∞

f(0, y) sinλy dy (6)

(çäåñü ëåâàÿ è ïðàâàÿ ÷àñòè ðàâåíñòâà (5) ÿâëÿþòñÿ ðåøåíèÿìè çàäà÷è Äèðèõëå â

êâàäðàíòå D1(x < 0, y < 0) âèäà ∆u = 0, u|y=0 = 0, u|x=0 = f(0, y)).

Ðåøåíèå çàäà÷è (1), (2) áóäåì èñêàòü â âèäå

u1(x, y) =

∞∫
0

a1(λ)eλxg(y, λ) dλ, x < 0, (7)

u2(x, y) = f(x, y) +

∞∫
0

a2(λ)e−λxg(y, λ) dλ, x > 0, (8)

ãäå ôóíêöèÿ g(y, λ) èìååò âèä (6), ai(λ) � èñêîìûå ôóíêöèè. Îòñþäà ôóíêöèè ui(x, y)

(7), (8) óäîâëåòâîðÿþò óñëîâèÿì çàäà÷è (1), ÷òî ïðîâåðÿåòñÿ íåïîñðåäñòâåííî ñ ó÷¼-

òîì óñëîâèé (3). Ïîäñòàâëÿÿ ôóíêöèè (5), (7), (8) â óñëîâèÿ ñîïðÿæåíèÿ (2) è ñðàâ-

íèâàÿ êîýôôèöèåíòû ïîä çíàêàìè èíòåãðàëîâ ïðè ôóíêöèè g(y, λ) ñëåâà è ñïðàâà,

äëÿ äâóõ ôóíêöèé ai(λ) ïîëó÷èì ñèñòåìó äâóõ àëãåáðàè÷åñêèõ óðàâíåíèé
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1 + a2 = a1(1 +Bλ), k2(1− a2) = k1a1,

ðåøåíèå êîòîðîé èìååò âèä

a1(λ) =
2

Bk1(λ+ β)
, a2(λ) = 1− 2

Bk2(λ+ β)
,

ãäå ïîñòîÿííàÿ

β =
k1 + k2

Bk1k2

. (9)

Îòñþäà ðåøåíèå (7), (8) çàäà÷è (1), (2) ïðè ó÷¼òå ðàâåíñòâà (5) ïðèìåò âèä

u1(x, y) =
2

Bk1

∞∫
0

eλxg(y, λ)

λ+ β
dλ, x < 0, (10)

u2(x, y) = f(x, y) + f(−x, y)− 2

Bk2

∞∫
0

e−λxg(y, λ)

λ+ β
dλ, x > 0. (11)

Èç ðàâåíñòâà (5) âûâîäèòñÿ îñíîâíàÿ ôîðìóëà ñâ¼ðòûâàíèÿ ðàçëîæåíèé Ôóðüå

(10), (11). Àíàëîãè÷íî ðàáîòå [5], çàìåíÿÿ â ðàâåíñòâå (5) ïåðåìåííóþ x íà x − t,

óìíîæàÿ ïîëó÷åííîå ðàâåíñòâî íà e−βt è èíòåãðèðóÿ ïî ïàðàìåòðó t îò 0 äî ∞,

ïîëó÷èì ôîðìóëó

∞∫
0

e−βtf(x− t, y) dt =

∞∫
0

eλxg(y, λ)

λ+ β
dλ, x < 0.

Îòñþäà ðåøåíèÿ (10), (11) èñõîäíîé çàäà÷è (1), (2) ïðèâåä¼ì ê âèäó áåç ðàçëîæåíèé

Ôóðüå:

u1(x, y) =
2

Bk1

∞∫
0

e−βtf(x− t, y) dt, x < 0, (12)

u2(x, y) = f(x, y) + f(−x, y)− 2

Bk2

∞∫
0

e−βtf(−x− t, y) dt, x > 0, (13)

ãäå β > 0 èìååò âèä (9), ôóíêöèÿ f(x, y) âûðàæàåòñÿ ðàâåíñòâîì (4) â êîíå÷íîì

âèäå.

Ïðè îòñóòñâèè ïë¼íêè, ò. å. ïðè B = 0, ðàññóæäàÿ àíàëîãè÷íî, ðåøåíèå çàäà÷è

(1), (2) â êóñî÷íî-îäíîðîäíîé ñðåäå (ïðè k1 6= k2) íàéä¼ì â êîíå÷íîì âèäå

u1(x, y) =
2k2

k1 + k2

f(x, y), x < 0,

u2(x, y) = f(x, y) +
k2 − k1

k1 + k2

f(−x, y), x > 0.
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Íà ïðàêòèêå â çàäà÷àõ î ôèëüòðàöèè æèäêîñòè ïîä ïëîòèíàìè èìååò áîëüøîé

èíòåðåñ âû÷èñëåíèå ñêîðîñòè æèäêîñòè v1(x), ôèëüòðóþùåéñÿ ïîä ïëîòèíîé è âûõî-

äÿùåé â íèæíèé áüåô, ò. å. íà ãðàíèöó y = 0, x < 0. ×òîáû âûÿâèòü â ¾÷èñòîì âèäå¿

âëèÿíèå ñëàáîïðîíèöàåìîé ïë¼íêè x = 0 íà ïðîöåññ (áåç âëèÿíèÿ äðóãèõ ïàðàìåò-

ðîâ) ðàññìîòðèì ñëó÷àé îäíîðîäíîé îáëàñòè ôèëüòðàöèè, ò. å. ïîëîæèì k1 = k2 = 1.

Â äàííîì ñëó÷àå èç ðàâåíñòâ (4), (12) íàéäåì ñêîðîñòü ôèëüòðàöèîííîãî ïîòîêà íà

ãðàíèöå íèæíåãî áüåôà:

v1(x) = ∂yu1(x, 0) = β

∞∫
0

e−βt∂yf(x− t, 0) dt =
βp

π

∞∫
0

e−βt

t+ a
dt, x < 0,

ãäå a = −x > 0, β = 2/B èëè

v1(x) = −βp e
βa

π
Ei(−βa),

ãäå Ei(x) � èíòåãðàëüíàÿ ïîêàçàòåëüíàÿ ôóíêöèÿ [7, ñ. 9].

Ñðàâíèì ñêîðîñòè ôèëüòðàöèîííûõ ïîòîêîâ íà ãðàíèöå íèæíåãî áüåôà áåç ñëà-

áîïðîíèöàåìîé ïë¼íêè v0(x) è ñî ñëàáîïðîíèöàåìîé ïë¼íêîé v1(x). Èç âûðàæåíèÿ

(4) íàõîäèì

v0(x) = ∂yf(x, 0) =
p

aπ
, a = −x > 0.

Âû÷èñëÿÿ èíòåãðàë

βp

π

∞∫
0

e−βt

a
dt =

p

aπ
= v0(x),

ñ ó÷¼òîì î÷åâèäíîãî ðàâåíñòâà

0 <
e−βt

t+ a
<
e−βt

a

ïðè t > 0, ïîëó÷èì îöåíêó

βp

π

∞∫
0

e−βt

t+ a
dt <

βp

π

∞∫
0

e−βt

a
dt

èëè v1(x) < v0(x).

Òàêèì îáðàçîì, íàëè÷èå ñëàáîïðîíèöàåìîé ïë¼íêè ïîä îñíîâàíèåì ïëîòèíû ñíè-

æàåò ñêîðîñòè ôèëüòðàöèè íà ãðàíèöå íèæíåãî áüåôà.

Äëÿ äðóãèõ êëàññîâ êðàåâûõ çàäà÷ àíàëîãè÷íûå ðåçóëüòàòû âëèÿíèÿ ïë¼íîê íà

ïðîöåññû ïîëó÷åíû â ðàáîòàõ [8�10].
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About Liquid Filtration Under a Point Dam
with a Vertical Weakly Permeable Film

The problem of groundwater �ltration under a point dam in a piecewise homogeneous porous

medium in the presence of a weakly permeable �lm under the dam is considered. The �ltration
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area is considered in the form of a vertical half-plane with a horizontal line of water courses.

A weakly permeable �lm divides the �ltration area into two quadrants with di�erent constant

permeability. By the convolution method of Fourier expansions, the solution of the problem

is obtained explicitly. The in�uence of a weakly permeable �lm on the �ltration process is

investigated. It is shown that the presence of a weakly permeable �lm reduces the �ltration

rates in the downstream.

Keywords: boundary value problems in a piecewise homogeneous half-plane with a weakly

permeable �lm, liquid �ltration under a dam
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